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Issues in the Dynamics and Control of Flexible
Robot Manipulators

H. Baruh* and S. S. K. Tadikondat
Rutgers University, New Brunswick, New Jersey

Issues associated with modeling and control of robots with elastic arms are considered. An approach similar
to substructure synthesis is used to model the system, where each link is first modeled independently of the
others. The joint displacements are then used as constraints to synthesize the equations of motion. It is shown
that the centrifugal stiffening effect is the dominating factor for the overall system behavior. Different
approaches are discussed for the control design. The effects of flexibility on the response and on the closed-loop
control are examined within the context of an example.

I. Introduction

A N important issue of concern in the control of robots is
the difference between the total mass of the manipulator

and the mass of the payload. If a robot is compared with the
human body, it is easily concluded that the manipulator is very
inefficient. An inefficient robot implies low productivity and
higher costs. A robot can be made more efficient by reducing
the thickness of its arms. The resulting increased flexibility,
unless considered properly, reduces pointing accuracies and
affects the stability of the payload. Another source of inaccu-
racy is flexibility of the joints. There is considerable debate in
the literature as to which source causes more inaccuracies.

This paper is concerned with the modeling and control of
manipulators with substantial flexibility in the arms. An ap-
proach similar to substructure synthesis is used to model the
manipulator, and different control strategies are discussed.
The mathematical formulation is applicable to robots with
revolute or spherical joints.

Several methods of modeling manipulators with elastic
joints or with flexible arms exist in the literature.1"11 Each of
the approaches uses a variety of assumptions. For example,
Refs. 1-4 consider only the static deflections of the links;
Ref. 1 treats the connecting links as massless, and Ref. 4
considers only one flexible bending mode for each link. Refer-
ence 7 describes an equivalent rigid-link system. Passive
damping is introduced to elastic members in Ref. 8, in the
form of a layer of viscoelastic material. Active control of the
combined rigid-elastic system is considered in Refs. 8 and 9,
where Ref. 8 also reports experimental results. Reference 10
introduces a recursive analysis to formulate the equations of
motion. A method for modeling joint elasticity is outlined in
Ref. 12.

Another issue of concern in modeling a flexible manipula-
tor, which has not been analyzed in detail, is the real-time
applicability of the control action. The mathematical model
should lend itself to efficient on-line computations when im-
plementing the control action.

In this paper, the nonlinear equations of motion are derived
using an approach similar to that in Refs. 13 and 14, and a
small motions assumption is employed to describe the elastic
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behavior. Each link is modeled independently by means of a
body-fixed frame that indicates the location of the link in the
absence of elastic motion. The joint displacements are then
used as constraints to derive the combined equations of mo-
tion in a manner similar to the component mode and substruc-
ture synthesis methods.15 The relative effects of centrifugal
stiffening, softening, and Coriolis effects are discussed.

After the equations of motion are derived, the control ac-
tion is considered. When designing a control law to maneuver
the robot, one can treat the flexibility of the robot arms in the
following ways: 1) ignore it completely, 2) treat the elastic
effects as a known disturbance and compensate for it, and
3) actively control the flexible motion.

Ignoring the elastic motion leads to deterioration in tracking
accuracy, especially as the flexibility increases. An effective
active control of the elastic motion requires a large number of
actuation mechanisms that have to be placed on the robot
arms.16 This is difficult to implement, considering the weight
of the actuation mechanisms and speed of the manipulator
arms. However, local control of the elastic motion has been
considered for industrial applications.

The approach used in this paper is to treat the flexibility as
a deterministic disturbance on the rigid-body motion. It is
shown that ignoring the arm elasticity in the control law leads
to gross inaccuracies in the response. The flexible motion is
treated similar to the way the gravitational, Coriolis, and
centrifugal effects are treated in the computed torque
method,17 pointwise-optimal control of rigid manipulators,18

or in the nonlinear inversion algorithm of Ref. 19. The feed-
back control law used in the paper is based on the approach of
Ref. 18, and it is implemented by spatially distributed sensors
that measure the elastic motion.

II. Equations of Motion
Consider a chain of / elastic bodies linked to each other.

One end of the chain is pinned to a rigid support, and the
other end is free. To derive the equations of motion, we will
use a Lagrangian approach and consider each link indepen-
dently. After writing the kinetic and potential energies and the
virtual work associated with each body, the joint displace-
ments will be treated as constraints.

The displacement of each elastic body is described with
respect to a coordinate frame that is located at the center of
mass of the undeformed link. Note that for a free-free struc-
ture, the elastic motion does not effect the location of the
center of mass.13 This coordinate frame is referred to as the
"shadow frame" in Ref. 20, and it denotes the location of the
body if there was no flexible motion.13'14 Moreover, it is
assumed that the body axes are aligned with the principal axes
of the undeformed link. The link configuration is shown in
Fig. 1.
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The displacement of a point P, on the y'th link can be
expressed as

= Rj(t) + rJB(Pj) (1)

where Rj(t) is the vector from an inertial frame to the origin
of the body-fixed frame, rjB(Pj) denotes the configuration of
point PJ (in the undeformed position), and u(PJ9t) is the
elastic deformation at PJ. For the first link, j = 1, which is
pinned to a support, one can select a coordinate frame whose
origin is at the support, such that the displacement r\(Pi9t) is
described as

r{(Pl9t) = (2)

It follows that in this case one does not deal with the center
of mass of the first link. If the support moves, such as the
robot arm in the Space Shuttle, an additional term is added to
the right side of Eq. (2) describing this motion.

Details about the motivation to express the displacements in
this form are described in Ref . 14. The most important reason
is based on the assumption that the elastic motion is small, and
that Uj(PJ9t) can be expressed as

Uj(Pj9t) = £ </>jr(Pj)Ujr(t)9 j = 1,2,.. .,/ (3)
r = l

where 0/r(P/) (r = 1,2,...) are admissible functions describing
the flexible behavior of they'th body. Note that as a result of
expressing the total motion in terms ofRj and r/#(P,-), we have
introduced six additional coordinates to the system descrip-
tion, which creates a redundancy. One way of dealing with this
redundancy is to introduce constraints on the location and
orientation of the body frame. To this end, a number of
choices are available, such as the principal axes, Tisserand, or
rigid-body constraints.21'22 In this paper we will use the latter
constraints, which state that the body frame must have its
origin at the center of mass of the deformed structure, and it
must be aligned such that the rigid-body modes in Eq. (3) are
all zero. This eliminates the six coordinates belonging to the
rigid-body modes, ujr(t) = 0 (r = 1,2,..., 6), so that there no
longer is a redundancy in the expression of r,(P,-,0-

The preceding model for the elastic motion is only accurate
when the links (and, hence, the body-fixed frames) move
relatively slowly. For fast motions of the links, the centrifugal
stiffening effect has to be considered as well, where Eq. (3)
changes form. This effect will be described in more detail later
within the context of an example.

Differentiation of Eqs. (1) and (2) with respect to time yields
the absolute velocities

rj(Pj9t) = Rj(t) + duj(PJ9t)/dt + 0X0 X [rJB(Pj)

(4)

where O/ denotes the absolute angular velocity of the y'th
coordinate frame. The kinetic energy of the entire system can
be expressed as

where

= V4 J/X • rj(Pj9t) dm,,

(5)

(6)

denotes the kinetic energy of the y'th link, and where dm, is
the differential mass at PJ. The potential energy can be ex-
pressed as

V(t)= Y,[Vje(t)+Vjg(t)} (7)
J=l

where

Vje(t) = 1/2 j u(Pj9t).Ljlu(Pj9t)] dm,, j = 1,2,...,/ (8)

Fig. 1 Configuration of a flexible link.

is the elastic potential energy of the y'th link in which Lj
denotes the vector stiffness operator associated with the y'th
link. Because of the small elastic motions assumptions,
Lj(j = 1,2,. ..,1) are linear. The gravitational potential energy
has the form

V j g ( t ) = - \ r j ( P j 9 t ) - g d m J 9 y = (9)

where g is the gravity vector.
For the general formulation, consider spatially continuously

distributed controllers on each link in the form of distributed
forces fj(Pj ,0, (/ = 1 ,2, ...,/), and distributed moments M,(P, ,0,
(/ = 1,2,..., I). The virtual work expression becomes

(10)

where14

= \fj(Pj9t) • 6r,(P,,0 dm,

I Mj (Pj9t) • [V x drj(Pj9t)] dm, (H)

Next, we consider the constraints. Assuming that all the
joints are revolute, the displacement constraints can be ex-
pressed as

cXO = rj(Ej9t) - rj+ ,(Bj + l 9 t ) = 0, j = 1,2,.. .,/ - 1 (12)

where c/(0 is the constraint relation, and Ej and Bj denote the
locations of the joints on the y'th link (see Fig. 1). If a certain
joint is further constrained, such as permitting rotation about
a single axis only, Eq. (12) can be augmented with additional
relations, or r,(P,,0 can be expressed in a way to reflect this
constraint. For example, for the y + 1th link denoting the
orientation of the body- fixed frame by the unit vectors b\, #2*
and 63, if the y'th joint is free to rotate about the b\ axis only,
we need the additional constraints

[V xr,(P,,OI - V xr,-+1(P,+ 1
\Pj=Ej

I ] - & / =0, / = 2,3
\Pj+l=Bj+l

(13)

which indicate that there is no rotation at the y'th joint about
the b2 and b3 directions. Note that, as in Eq. (11), the Del
operator is defined in terms of the body- fixed coordinates.
Introducing the augmented Lagrangian L '

/- i
L' = K- (14)

where A, are Lagrange multiplier vectors and, invoking the
extended Hamilton's principle,23 we obtain a set of redundant
equations. To synthesize the equations of motion, we need to
select a set of generalized coordinates. Here, two issues
emerge. The first is associated with the description of the
elastic motion of each link. The second issue is associated with
eliminating some of the coordinates from the equations ob-
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tained using Eq. (14) and with satisfying the constraint rela-
tions. We address each issue in sequence.

The elastic motion Uj(Pj9t) of each link is approximated as
a finite sum of admissible functions <t>jr(Pj) multiplied by the
amplitudes ujr(t)

2"
*jr (Pj)Ujr(t), (15)

where Nj is the number of terms in the expansion of Uj(PJ9t).
Note that the trial functions </>Jr now only describe the elastic
motion because the rigid-body modes are eliminated from the
equations of motion by a judicious choice of the body-fixed
frame. It follows that the elastic potential energy can be
expressed as

vje(t) == L J =

where [^/r,^/5] is an energy inner product.15 Equations (15)
and (16) have a different form when the effects of centrifugal
stiffening are included, as will be shown later.

Regarding the nature of the admissible functions, we note
that it is simpler not to search for a set of eigenfunctions for
each link.15 Also, for convergence purposes, it is more desir-
able to use admissible functions that are compatible with the
system force balance. Consider the boundaries of each link.
The boundary conditions at a free end are natural boundary
conditions where the bending moment and internal force are
zero. Imposition of a constraint of the form in expression (12)
changes the boundary conditions. The internal force is no
longer zero at that point. Use of trial functions such as the
original eigenfunctions of the individual links, which yield
zero shear at a pin joint, prohibits convergence to the exact
eigensolution. This, of course, is the very reason why con-
straint or attachment modes are introduced to the system
description in the component mode synthesis method.24 The
preceding formulation is more similar to the substructure
synthesis method.25

The coordinates used in Eq. (14) are the components of
Rj(t) (j = 1,2,...,/), the three (or fewer, depending on the joint
constraints) angles 0,, 0j9 fy for each coordinate frame that
describe the orientation of each link, and the modal coordi-
nates ujr(f) (j = 1,2,...,/; r = 1,2,..., N,-). The angles </>,, 0,, ̂
can be any sequence from an Euler angle set, and the vectors
Qy(0 are obtained by their differentiation. If desired, Euler
parameters can be substituted instead of the coordinate frame
angles to minimize problems associated with numerical inte-
gration.

We need to eliminate some of these coordinates so that the
constraint relations are satisfied and the remaining variables
can qualify as a set of generalized coordinates. We propose
first to eliminate Rj(t) (j = 1,2,...,/). This is a logical choice
because we are not interested in the location of the center of
mass of each link for modeling purposes. Also, the number of
constraint relations in Eq. (12) is equal to the total sum of the
components of Rj(t) (j = 1,2,. ..,/).

If constraints of the form in expression (13) are present at
the j th joint, then the coordinates to be eliminated should be
the corresponding rotation angles of the j + 1th body frame.
Note that the angles on which the control action will be based
are not joint displacements, but the angles that describe the
orientations of the coordinate frames in the absence of gravity
and static deformation. Any angle between two links mea-
sured at the joints contains flexibility effects, and these effects
need to be filtered out before the control law can be applied.

Introducing the AW-dimentional vector 0(t), which contains
all of the coordinate frame angles that are not redundant, and
the fc -dimensional vector v(t) (k = N\ + N2. . . + TV/) contain-
ing all of the elastic modes of the individual links

and the n-dimensional vector y(t) = [0T(t) I vT(t)]T, which con-
tains the generalized coordinates where n - m + k, and elimi-
nating the redundant terms Rj(t)9 the equations of motion can
be expressed as

M\y(t)}y(t) + G\y(t)9y(t)] = F(t) (18)

where M is the inertia matrix, G = [GiG2...Gw]r, where G/
contain the Coriolis, centrifugal, graviational, elastic, and
centrifugal stiffening effects. F(t) = [Fi(t)F2(t)...Fn(t)]T de-
note the generalized forces. The virtual work can be expressed
in terms of the generalized forces as

(19)

It is more convenient for simulation and control purposes to
partition Eq. (18) into the body frame angle dependent and
elastic terms as

MK
M,.

(20)

where the notation is obvious. For discrete torquers at the
ends BJ of each link (/ = 1,2,...,/), the external excitation can
be expressed as

Mj(Pj9t) = LTjt(t)bJtd(Pj-Bj), j = 1,2,...,/, i = 1,2,3

(21)

where Tjt(t) (j = 1,2,...,/; / = 1,2,3) are the torque amplitudes
in they th link and in the bjf direction, and £// denotes the body
axes about which motion is permitted at theyth joint. Substi-
tution of Eq. (21) into Eqs. (10) and (19) yields

F(t) = BT(t) (22)

V(t) = (17)

where B is the control influence matrix of order n x p, and
T(t) is the external excitation vector in the form
T(t) = [Ti(t)T2(t)...Tp(t)]Tm which p is the number of rigid-
body degrees of freedom. Note that in robots with rigid arms
there is generally one actuator per degree of freedom. The
matrix B can be partitioned into B = [Bl\B^]T, correspond-
ing to the rigid-body and elastic motion, respectively. When
p = m, Be becomes an identity matrix.

As can be noted, the preceding derivation is very general,
and it does not give details about the type of coordinate frame
angles used. The complexity of the geometry and the vast
variety of existing robots prevents us from making the deriva-
tion more specific. Also, if desired, the gravitational and
elastic terms can be collected in a stiffness matrix. We did not
follow this approach. In general, for rigid robots, the control
strategy treats the centrifugal, Coriolis, and gravitational
terms as a deterministic disturbance (even when the magni-
tudes of these terms are large), which has come to be known
as "feedforward control." In this paper, we include the elastic
terms into this category of deterministic disturbances.

III. Control Design and Implementation
The objective in manipulator control is to move the end

effector from a certain point to a desired one with a specified
speed and in a specified amount of time (e.g., Refs. 17, 18,
and 26). This can be achieved in a number of ways. In this
paper, we will consider trajectory-folio wing.

In manipulators with rigid arms, the joint angles (and angu-
lar velocities and angular accelerations) are measured by colo-
cated sensors at the joints and sometimes also by sensors
located at the end effector. The actuators, which generally are
torquers, are also located at the joints. The tracked coordi-
nates are the joint displacements and velocities, so that the
control inputs are designed to realize the desired link con-
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figurations.18 We will refer to two approaches in trajectory-
following for rigid robots, whose equation of motion can be
expressed as

(23)

where q(t) denotes the vector of joint angles, M' is the inertia
matrix, and G' includes all Coriolis, centrifugal, and gravita-
tional terms. In the absence of any elastic motion, q(t) = 0(t),
M' = Mee, G' =G, and T(t) = F(t).

The first control method to be considered is the computed
torque method,17*26 where the control action can be described
as

C2[qa(t)-q(t)]}+G'(t) (24)

where C\ and €2 are diagonal control gain matrices, and the
subscript a denotes desired coordinates. Note that displace-
ments, velocities, and accelerations are all tracked. In the
computed torque method, the equations of motion are first
linearized via feedback [qa(t) and G '(t) in Eq. (24)]. Then, a
servomechanism is added to the feedback-linearized equa-
tions.26

In the second approach considered here, the control law
may or may not include acceleration tracking, the discrete (in
time) nature of the control implementation is considered, and
the control gains are derived from a pointwise-optimal control
law.18 The inertia matrix and Coriolis, gravitational, and cen-
trifugal terms are approximated by a constant during each
sampling period, which permits consideration of the equations
of motion as linear during each sampling period. It follows
that in each sampling period an approximate closed-form
expression can be derived for the response as

q(kT + T) = q(kT) + q(kT)*T + 0.5

q(kT + T) = q(kT) + F ' (kT)* T, k = 0, 1 ,2. . . (25)

where Tis the sampling period, and/" (kT) = M~l(kT)T(kT)
+ d'(kT), where d' (kT) is an approximation to the Coriolis,
centrifugal, and graviational terms. Substitution of this ap-
proximate form of the response into a quadratic performance
index that minimizes the tracking error leads to a control law
in the form18

T(kT) = M'(kT){Cl[qa(kT + T) - q(kT)]

+ C2[qa(kT + T) - q(kT)} + C3q(kT)

+ C4d'(kT)}9 k = 0,1,2,... (26)

in which Q, C2, C3, and C4 are control gain matrices derived
from a performance functional.18

The two control methods perform comparably, but the
control described by Eq. (26) is more robust in the presence of
parameter uncertainties and it can be formulated to take into
consideration the delay in the control application by estimat-
ing the system state one time step ahead.18 Note that the
effects of a one (or more) time step delay in the control
application are very critical for robot motion control.18

For flexible manipulators, the trajectory- folio wing problem
becomes one of specifying not the desired link configurations,
but one of specifying the desired orientations of the body-
fixed coordinate frames. Also, measurement of the angle be-
tween two links at a joint represents the sum of the angle
between the two coordinate frames and the slopes of the
elastic deformations at the joints in the form

where uB(t) = lu?(Bl9t)uRB2,t)..Mf(Bht)]T and uE(t) =
[QTuf(Ei,t)..MjLi(Ei-i,t)]T contain the elastic amplitudes at
the beginning and end of each link, respectively. The process
of extracting the reference frame angles from the measured
angles between two elastic links will be discussed later.

We can identify three approaches for trajectory-folio wing
in elastic manipulators:

1) Elastic effects are ignored. Here, it is assumed that the
equation of motion is Eq. (23). Not only is the mathematical
model incorrect in this case, but the control inputs are calcu-
lated using the angles between the links given by Eq. (27)
instead of the coordinate frame angles. Trajectory-following
control laws such as computed torque or pointwise-optimal
control are generally very sensitive to inaccuracies in the mea-
surements of the joint angles, so that ignoring the elastic
behavior of the links may result in gross inaccuracies.

2) The elastic effects are included in the mathematical
model to a certain extent, and their amplitudes are measured
or extracted from the sensors' measurements, but the elastic
motion is not explicitly controlled. In this case the effects of
the elastic deformation are treated as known disturbances.
Here, a variety of approaches can be considered depending on
how much one wishes to consider the contribution of the
elastic motion. For example, one approach is as follows:
Assuming that the manipulator is operated in a gravity-free
environment, so that the static deformation is zero, Eq. (20)
can be rearranged as

(Mee - MevMv-v
lMve)0(t) + (Ge - MevMv~v

lGv)

= F9(t)-M6vMv-v
lFv(t) (28)

The control vector in Eq. (28) is of the same order as the
rigid-body degrees of freedom. Consequently, control strate-
gies based on computed torque [Eq. (24)] or pointwise-optimal
[Eq. (26)] control can be adopted. The first term in Eq. (28) is
seen as the inertia matrix, the second term as the deterministic
disturbance consisting of the Coriolis, centrifugal, and elastic
effects, while the term on the right side of Eq. (28) is consid-
ered the input.

Another approximation is based on considering only the top
row of Eq. (20) and treating Mevv(t) as a deterministic distur-
bance, resulting in

Mee6(t) + [Ge + Mevv(t)} = Fe(t) (29)

q(t) = $(t) + V X uB(t) - V X uE(t) (27)

and to use a control design similar to computed torque or
pointwise-optimal control. Not using the bottom row of
Eq. (20) is equivalent to assuming that the excitation caused
by the rigid-body motion on the elastic motion is negligible.

Yet another approach is to use the equations of motion for
the equivalent rigid robot, [Eq. (23)] as the model and, when
designing the control law, to use as coordinates not the mea-
sured angles but the body frame angles calculated by Eq. (27).
This approach minimizes the number of on-line computations
required to determine the control input.

The feedback control approaches considered in the illustra-
tive examples are based on the aforementioned cases. Note
that other approximations that take the elastic effects into
consideration also can be developed.

3) The elastic motion is suppressed simultaneously with the
trajectory-following. Here, as mentioned earlier, one can ex-
pand the elastic and gravitational effects in a stiffness matrix
or keep the formulation in Eq. (20). Expansion of the gravity
and elastic effects in a stiffness matrix necessitates solution of
an eigenvalue problem at each time step of the control, which
creates additional computational burdens.

One way of suppressing the elastic motion is to attempt a
control law similar to Eqs. (24) or (26). However, to apply
either of these methods, the number of control inputs has to
be equal to the number of controllers, which necessitates
placement of n-k additional actuators along the robot. Con-
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sidering the current state of the art, it seems unfeasible to
achieve this, even though in some industrial applications a
small number of energy-absorbing actuators have been placed
on the manipulator arms.

If the total number of actuators is increased to n and a
control law similar to Eq. (26) is used, the control input
becomes

T(kT) = B~l(kT)M(kTJ(Cl\ya(kT + T) -y(kTy\

+ C2\ya(kT + T) - y(kT)] + C&fcT)

+ C4d'(kT)}> k = 0,1,2,... (30)

where we note that d'(kT) is now of order n, and that the
actuation mechanisms need to be placed such that B is nonsin-
gular. Implementation of the control requires synthesis of the
torque amplitudes, which presents two problems. The first
deals with extraction of the coordinate frame angles, and the
second with obtaining elastic mode amplitudes from the sys^
tern measurements. Note that even though the elastic motion
is not controlled, it is treated as a disturbance in Eqs. (28) and
(29), so that its amplitude needs to be known.

Another important issue associated with real-time imple-
mentation is the huge number of required computations. Cal-
culation of the dynamics of rigid robots does not pose a severe
burden anymore,26 but the number of calculations involved in
elastic robots is much larger. To tackle this problem one may
make use of parallel computing techniques. Also, not sup-
pressing the elastic motion actively reduces the number of
on-line computations.

IV. Illustrative Examples
As an illustration, we derive here the equations of motion

for a two-link manipulator, shown in Fig. 2. The manipulator
has three kinematic degrees of freedom: one each at the revo-
lute joints, and a base rotation. Each link is modeled as a
uniform slender bar of length Lj and mass #2, (/ = 1 >2)- The
joints are assumed to be rigid and frictionless.

Nj (i = 1,2,3) are a set of inertial axes, and they also repre-
sent unit vectors along those axes. The body-fixed axes bjt
(i — 1,2,3) in theyth link are located such that bj\ points along
the link length, and £/3 is parallel to the joint axis at Bj of the
"shadow" beam; ujx, ujy, and ujz, are the components of Uj
along bjti*bj2, and Z?/3, respectively, where x is the local spatial
variable? The origin of the body-fixed axes is placed at the
revolute joint connecting it to the base for the first link and is
located at the mass center for the second link.

The displacement at a point P on the first link can be
expressed as

n(P,0 = [x + ulx(x,t)]bn + uly(x,t)]bl2

The absolute velocity is

(31)

Fig. 2 Three-degree-of-freedom manipulator.

Fig. 3 Pinned-free link.

Integrating and making use of the property that u\y and u\z
are small,

- + - d " (34>

Since £ = x + u\x from Fig. 3,

ulx(x,t)~s(x,t)-~ aJ'H^'i-o*
where s(x,t) denotes the "stretch" along the deformed beam
due to axial vibration. The reason for expressing u\x(x,t) as a
sum of two components is to compare the contributions of
longitudinal vibration and centrifugal stiffening to elastic de-
formation in the axial direction. The integral in Eq. (35), when
substituted into Eq. (5), gives rise to the centrifugal stiffening
term. Its magnitude may be comparatively large and, since
modal expansion is valid only for small displacements, of the
two terms in Eq. (35) only s(x,t) can be represented by a
modal expansion.20 We assume that the manipulator links are
much more rigid in the longitudinal direction than in the
transverse direction, and drop s(x,t) in further development.

Equation (3) now has the form

(32)

where B\ = 0^13 and ^ = \I/N2. $^
The term u{x contains contributions from both the axial

vibration of the link and centrifugal stiffening. To analyze this
effect, consider an element of length ds whose undeformed
length is dx as shown in Fig. 327:

(33)

(36)

where

(37)

Nn and Ni2 = Ni-Nn are the number of terms in the expan-
sion in the y and z directions, respectively.

Substituting ir\ from Eq. (32) and the modal expansion of
Eq. (36) into Eq. (5), and retaining terms only up to quadratic
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in modal coordinates, the kinetic energy of the first link is
obtained as

P - h$(V{ + tf si

ffi&ijUik ~ u\iU\k) ~ sin0i.

+ 2/i/t/!/^ + futility2 sin20i (38)

where / is the moment of inertia about the pin joint,

mali> = ! 0ia0i& dm

j - <t>{b do dm, f i a = \x<i>ia dm (39)

and Einstein's summation convention has been employed for
conciseness. The range of indices is 1 < ij ^Nn, (Nn 4- 1) <
k,l < N\, and 1 < a^b < A^I.

The potential energy of the first link is

V\ =

(g/2)

where

(Li/2) cos0! + g smdituuu

(40)

dx, *$ = JGft>(jc) dm

i> da, /h = J0i/ dm (41)

£1 and /^ are the Young's modulus and area moment of
inertia of link 1, respectively. The indicial notation in Eqs.
(40) and (41) is the same as that in Eqs. (38) and (39).

iSJext, we consider the second link. The displacement of a
point on the second link can be expressed as (Fig. 4)

r2(x,t) = R2

Differentiating Eq. (42) we obtain

"2^23 (42)

X R2 \l/u2z sin02 -

~df ~

®2 b22

sin^2

To calculate the centrifugal stiffening term Ufrfat), we use
an approach similar to Eqs. (33-35). Because the second link
is free at both ends and centrifugal stiffening does not depend
on the translational motion, the link can be treated as a
structure rotating about its midpoint (x = 0), which can be
considered as fixed. It follows that the stretch at the midpoint
of the beam is zero. Using this result, th0 centrifugal stiffening
term for the second link becomes very similar to the stiffening
term for link 1 [Eq. (35)].

Equation (3) is now modified as [setting s(x,t) = 0]

(44)

where

i ~ <!>2ib22,

Fig. 4 Configuration of the free-free link.

and N2\ and N22 = N2 — N2i are the number of terms in the
expansion of u2y and u2z, respectively.

Substituting Eqs. (44-45) into Eq. (43), we obtain the ki-
netic energy K2 of the second link

2K2 = m2[R2
2l + R2

22 + R2
23

sin202)

t2 cos26>2) -

u2r - U2pii2r) - sin02f2pu2p]

\l/2 sm2e2f2pu2p + 202f2pu2p

(46)

where 72 is the moment of inertia about the mass center, and

(47)

= \x \ 02c • <l>2d do dmJo

R2j=R2'Nj

The range of indices in the Einstein's summation convention
employed is 1 <p,q < N2i-9 (N2i + 1) < r, s < N2, and 1 < c,
d<N2.

The associated potential energy is

V2 = - \[R2 +

-g)N2dm

where

(48)

(49)

N2i<i<N2 (45)

and E2 and IB are the Young's modulus and area moment
of inertia of link 2, respectively. A note about the matrices
in Eqs. (38-49) is in order. The mass matrices ra(1) and m(2)

are fully populated. The rest of the matrices are block diago-
nal where the blocks represent the vibration in the Y and Z
directions, respectively, and the off-diagonal blocks are null
matrices.
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We next consider the constraints. The two links are con-
nected by a revolute joint. This constraint can be split into
displacement and orientation constraints. The latter constraint
implies that the plane perpendicular to the joint axis in each
link be parallel at the joint connecting them. Here, we assume
that the links are already oriented such that Eq. (13) is satis-
fied (/ = 1,2), and dispense with the orientation constraints to
reduce the amount of algebra involved. This enables one to
deal with the body frame angles 02 and ^ in a direct fashion.

Because shear and warping are neglected, we need to con-
sider the displacement constraint only. Then, Eq. (12) becomes

[L! + ulx(Ll9t)]bn + uly(Ll9t)bl2 + ulz(Ll9t)bl3

= R2 + [~L2/2 +

(50)

(51)

where A = (\\b2i \2b22 X3&23)r. Invoking the extended Hamil-
ton's principle, we obtain a set of equations. The next step
is to construct from this set the equations of motion by elimi-
nating the Lagrange multipliers and R2{9 R229 and #23- Note
that, wherever they are referred to in further development,
the range for the indices /, j, k, /, a, and b is as given below
Eq. (39), and that for p, q, r, s, c, and d is as given following
Eq. (47).

The resulting equations are very lengthy. Only the equations
for 0! and one of the modal coordinates of link 1, Uu(i<Nn)
are presented here to examine the centrifugal stiffening and
geometric softening effects. The equation for B\ is

-[h®

+ u2y(-L2/29t)b22 + u2z( -L2/29t)bx

The augmented Lagrangian is

~ °-25

- <t>ii(Li)uu<l>2p( —1 }u2p I cos(02 -
\ z /

+ L^2p(^)u2p + <MA)w 8^1(02-0!) 02

L \ z / z J

+ \fikU\k cos0! - m^unuik sin0i

+ m2\ Li cos0i - 0i/(Li)iii/ sin0i -<fer( y J

$ + /i/ + /w2£i0i/(£i) uit

cos(02 - Oi)<j>2p[-)u (52)

where Fe\ is the rigid-body torque.
The equation for MI, (/ <Afn) is

Lo)+«* (L)<t>-(L)\u.L " 2 v ' J ly

r /'-^ . i-— I ^201/wl)02pl ~~~~«i— j COS(02 — 0j) U2p

L \ 2 / J
r \i/5 i M^ ) I / 2 A/^»( l ) / r x^ .^i)J"i + ^2) V ~5~ y*-7* wi)wi*

n( -^r)w2p sin(02-0i)
\ 2/ J

/fl20i/(Z.i) -*2rf-y

¥• sin200 - m^(B

, 01 + 0i cos(02 - 0i) + g cos0!

sin02) sin0i\A2

+ A =

fromEq. (11)

/ = l,2,..JVn (53)

= FM0{ (0)

^4 and A contain the Coriolis, centrifugal, and gravity
terms. Note that the centrifugal stiffening effect as repre-
sented by h$* and G^ not only serves to increase the stiffness
of the link [shown underlined in Eqs. (52) and (53)], but
affects the rigid-body motion of the link as well.

The question then arises about the geometric effects, as
represented by the terms with negative sign in the coefficient
of Uij r in Eq. (53), and which one of them — "stiffening" or
"softening" — has a more significant effect on the total mo-
tion. To investigate this, we consider a single link pinned at
one end and free to rotate in a horizontal plane. The equations
of motion are obtained by setting all of the elements corre-
sponding to the second link, and all of the modal coordinates
corresponding to vibration in a plane perpendicular to the
plane of rotation of the link, equal to zero in Eqs. (52) and
(53).

The dimensions of the link are taken as similar to those of
a beam used at NASA Langley for structural control experi-
ments.28 The link has a cross section of 15.24 x 0.952 cm
(6 x 3/8 in.) and is flexible only in the plane of rotation. The
mass and stiffness properties are m = 4.015 kg/m,
El = 756.65 N/m2, and it has a length L = 3.657 m (12 ft).
The orthonormal eigenf unctions of a pinned- free beam are
considered in the modal expansion. This choice was experi-
mentally verified.29 For the linear elastic model, m# = 6// and
kij - utj biJ9 where fy, is the Krbnecker delta and o> the natural
frequencies by virtue of orthonormality of the trial functions.
These diagonal elements along with the centrifugal stiffening
coefficients hy are given in Table 1. The equations of motion
for the rigid-body modes become

[/! + (mtj -htj)

Table 1

M\ii4\j\\j ~\- 2(/^2/; — ftij/MliMljv ~~ -* 01 (54)

Comparison of hy9 m//, and ku

htj

7 =

/ = !
2
3
4

6.397
1.861

- 0.366
0.121

1.861
17.905
6.195

-1.480

- 0.366
6.195
35.999
12.635

0.121
-1.480
12.635
60.673

1.000
LOQQ
1.000
1.000

250.37
2629.13
11444.72
33467.04
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Fig. 6 Position response of the beam for the torque in Fig. 5.

and for the elastic modes

rriijuu + [ku + (hjj - ™//)02]«i/ = i = 1,2,. . JVn (55)

The coefficient of 6 (Mm) in Eq. (54) is the time-varying
inertia term, aiid the second term on the left side of the same
equation represents the Coriolis effects. The centrifugal stiff-
ening effect is apparent in the stiffness coefficients in Eq. (55)
as well. Note that Eq. (54) can be written as

d_
dt-r- {[A + (56)

where the term

[/i +

is recognized as the angular momentum of the link about the
pin joint.

From Table 1 we observe that the diagonal terms corre-
sponding to stiffening are much larger than the mass (or
softening) terms. Hence, the difference (by — my) will be
dominated by the former, and the centrifugal stiffening effect
will be more pronounced than the softening effect for all
values of 0(0 and 6(t). This effect is present both in the
rigid-body motion, Eq. (54), and in the elastic motion, Eq.
(55). It is clear that rotation serves to stiffen an elastic struc-
ture. On the other hand, the same effect reduces the magni-
tude of the inertia terms in the rigid-body motion, thus in-
creasing the angular velocity (for the same applied torque).

To demonstrate the effects of the centrifugal stiffening, we
consider the following open-loop maneuver for the link:
0(0) = 0, 0(T) = Of, 0(T) = 0, and T is the time of maneuver.
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We propose to achieve this with a torque profile shown in
Fig. 5. From the double integral of Fei//and Of we obtain Fei.
Three flexible modes are considered in the modal expansion,
i.e., Nn = 3. Equations (54) and (55) are integrated using a
fourth-order Runge-Kutta scheme with a time step of 0.0015.
The angular displacement 0(t) and velocity 6(t) are plotted in
Figs. 6 and 7, respectively, with their counterparts if flexibility
was ignored. It is clear that the angular velocity is higher and
0(r)>0/when flexibility is modeled. It was observed through
system simulation that selecting the maneuver period T close
to the period of the first natural frequency (of the small
motions model) leads to violent vibrations, which was ex-
pected. Also, selection of a torque profile whose Fourier series
expansion exhibits a Gibbs phenomenon, i.e., when the torque
profile contains discontinuities, excited the elastic motion
more.

Because of elasticity in the link, more work is needed to
achieve Of than when flexibility is ignored. This is shown in
Fig. 8 where the total energy in the link, which is equal to the
amount of work done, energy in elastic motion, and energy in
rigid-body motion, are plotted.

The work done, defined by W(t), can be calculated by

W(t) = \F9i(a)
Jo

w'(0,a)] da, (57)

The elastic motion of the tip of the link was observed to be
the same both for the linear model and when centrifugal
stiffening terms are modeled. The maximum tip deformation
was observed to be 0.7 m, which is consistent with a small
motions assumption for the elastic motion. We conclude that
because of the large discrepancy in the rotation angles for the
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Fig. 10 Feedback control: one flexible mode included in the model.

different models, ignoring the centrifugal stiffening effects
leads to gross inaccuracies.

Next, we consider the closed-loop control of the robot
arm. We use a triangular shape for the desired angular veloc-
ity, i.e., 0(0 = 5f rad/s, 0<t < 7Y2, 0(t) = 5(0.6 - 0 rad/s,
T/2<t < T, T = 0.6 s. The control law is based on the point-
wise-optimal approach of Ref. 18, as given in Eq. (26). The
elastic motion is not actively controlled, such that the model
used for control is Eq. (29) where flexibility effects are in-
cluded in the control design in various levels for comparison
purposes. Note that for this particular example Mev is zero
in Eq. (29). It is assumed that the effects of having a one
time-step delay in the control application are eliminated by
estimating the system state one time step earlier, as described
in Ref. 18.

In the first case, the flexibility effects are totally ignored.
The rigid model is considered as the actual one \I\9(t) = T(t)]
for control purposes, and the quantities that are fed back are
the angle and time derivative of the angle at the pin joint, i.e.,
q\(t) and q\(t), as given in Eq. (27). This approach leads to
instabilities in the response, so that it was dropped as a viable
form of control.

Next, the effects of flexibility were included in the model
used for the control design. Initially, two sensors that measure
the elastic deflection u'(Q,t) and ii'(Q,t) (one strain and one
strain rate) were placed at the pin joint, in addition to the
sensors that measure the total angular deflection q\(t) and its
time derivative. From Eq. (27) the joint angle was calculated
and introduced into the feedback loop as the difference of the
measurements
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In the first approach, the rigid link was considered as the
exact model, and the feedback quantities were calculated using
Eq. (58). The response is plotted in Fig. 9. As can be seen,
there is vast improvement over the open-loop case. In the
second approach, the effects of elasticity are included in the
mathematical model. By means of the expansion theorem, the
elastic deflection can be expressed as

(59)

Because only one sensor is available for displacements, we
assume that the elastic displacement is due to the first mode

only, and extract the first modal coordinate from the elastic
motion measurements u '(0,0 and u'(Q,t) using

(60)

The model on which the control inputs are based is Eq. (54),
with the indices ij taking the value of 1 only:

[/i + (mn - hn 2(mn - hn)ununO = (61)

The response is shown in Fig. 10. We observe that the
results of Fig. 9 are more accurate. This is because even
though the control model used is more reliable than the rigid-
body model, the errors associated with extraction of the modal
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coordinates deteriorate the performance. These errors, of
course, can be diminished by increasing the number of sensors
and by improving the modal coordinate extraction process.
Considering Eq. (59), the relation between the sensors output
and modal coordinates can be expressed as

y(t) = [BMBR] (62)

where the subscripts M and R denote the extracted (moni-
tored) m and ignored (residual) <x> — m modes; y(t) is the out-
put vector in the form y(t) = [u'(xiJ)u'(x2,t)..Mf(xmJ)]T

where Xj denote the sensors' locations. We extract as many
modes as the number of sensors so that BM becomes a square
matrix, which can be shown to be nonsingular regardless of
the sensors' locations.16 The entries of BM have the form
BMV = </>/(*/)• The entries of BRij are BRij = <t>i+m(Xj). The
modal coordinates are extracted by ignoring the residual
modes and by inverting BM, which results in30

(63)

where u(t) is the vector of extracted modal coordinates. The
second term in the right side of Eq. (63) denotes the estimation
error. A more sophisticated form of extraction of modal
coordinates is by use of modal filters and modal observers,16'30

which minimizes the errors associated with ignoring the resid-
ual modes.

To improve the accuracy of the modal coordinate extrac-
tion, we increase the number of sensors used to measure the
elastic motion. Figure 11 shows the results of applying the
closed-loop control law using three spatially distributed sen-
sors for the strains and strain rates. As may be observed from
Fig. 11, the results are greatly improved, which is to be ex-
pected. Figure 12 shows the torque profile and compares it
with the torque that would have been required if the bar were
assumed to be rigid. The deviations are caused by the elastic
effects.

The above results were obtained for the case when the
maximum value of the desired velocity was 1.5 rad/s. When
the desired rotational speeds and maximum angular velocity
were increased substantially, for a triangular velocity profile,
the simulation results were not accurate. This is because the
higher slope for the velocity profile (especially a nonzero slope
at t — 0) requires larger magnitudes for the applied torque,
which excites the elastic motion substantially and causes it to
reach large magnitudes. This forces the first term in Eq, (54),
which is the coefficient of 6(t) and, thus, a measure of the
moment of inertia, to become very small. We conclude that
when the applied torque is very large, the elastic motion grows
rapidly, and under such circumstances the accuracy of the
maneuver deteriorates. Also, the small motions assumption
may begin to lose its validity. The elastic motion then has to be
modeled using another approach, such as in Ref. 31. Actually,
one can check the limits of the small motions assumption for
elastic bodies undergoing rapid rigid-body motion by examin-
ing the magnitude of the first term in Eq. (54).

The small motions assumption will be valid if high angular
velocities are approached by applying a torque gradually,
which does not excite the elastic motion as much. To examine
this, the preceding simulations were also carried out when the
desired angular displacement and velocity were chosen the
same as the open-loop maneuver described earlier. For this
case, because the torque is applied gradually (compare Figs. 6
and 12), the elastic motion was not excited as much. Conse-
quently, much higher angular velocities could be prescribed in
which the small elastic motions assumption was not violated.
Also, because the magnitude of the elastic motion was not
large, using one sensor or three sensors to measure the elastic
motion yielded almost the same accuracy, where the desired
angular profile was followed extremely closely.

VI. Discussion
We have presented in this paper issues associated with mod-

eling and control of robots with relative elasticity in their
arms. An approach similar to the component mode and sub-
structure synthesis methods is proposed to derive the equa-
tions of motion, and several control strategies are discussed. It
is shown that the centrifugal stiffening effect is more signifi-
cant than the geometric softing effect. The centrifugal stiffen-
ing affects both the elastic and the rigid-body motions, caus-
ing a loss in inertia and an increase in the angular velocities.
Both the open-loop and closed-loop control of the manipula-
tor arm are considered, where in the latter the feedback quan-
tities are calculated by using the output of spatially distributed
sensors.
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